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Abstract 

Path integral for the SU{2) spin system is reconsidered. We show that 
the Nielsen-Rohrlich(NR) formula is equivalent to the spin coherent state ex- 
pression so that the phase space in the NR formalism is not topologically 
nontrivial. We also perform the WKB approximation in the NR formula and 
find that it gives the exact result. 
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1. Introduction 



It is known that there are at least two path integral expressions for the SU (2) spin system: 
one is the Nielsen- Rohrlich formula and the other is expressed by a spin coherent 
state 0, ^. The kernel in the Nielsen- Rohrlich (NR) formula, when Hamiltonian is given 
by H{t) = h{t)J^, with h{t) being an external magnetic field, is read as 



K {ipF,tF;y^i,ti) = J2 1™ 
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s ^ dp. 



X exp 

where e is positively infinitesimal, 
and 
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N 



k=l 



k=l 



(po=ipj 



:i.2) 



(1.3) 



At = {tp - tj) /N . 

In this expression, because of the existence of infinite sum (and the integration range 
of p/s, see the following for details), it is believed that the phase space is nontrivial: 
"punctured sphere". 

On the other hand the same system is expressed by means of a spin coherent state: 
the kernel is given as 



K {C.F,tF]^I,tl 



lim 



2J 
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1 d^*d^j 
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exp 
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log 1 + ie 
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In this case there appears no infinite sum and the phase space is CP^ ~ 5*^: "sphere". 
Therefore these two formulae describing the same SU{2) spin system look very different. 
We wish to know the origin of this difference, which is a main motivation in this paper. 

Also as for the WKB approximation there seems a discrepancy: the former one gives 
us a equation of motion 

p{t) = , 

which apparently does not meet the boundary condition, f(T) = ipF and ip{0) = ipi, so 
that there seems no classical solution, while in the latter case the WKB approximation 
yields the exact result 0. Therefore it needs to study this issue, too. 

The plan of this paper is as follows: in section 2 these two formulae are explicitly 
constructed by use of coherent states. The next section 3 explains the origin of the 
winding number in 5*^ case, which clarifies the nature of the "winding number" in the 
NR formula. Then in section 4 we show an explicit connection of both formulae so that 
the WKB-exactness should hold also in the NR formula, which is the subject of section 
5. The final section 6 is devoted to discussion and some mathematical relations needed 
for the proof of the WKB-exactness are shown in the appendix. 
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2. Path Integral Formulae for Spin 

Hamiltonian is supposed as 

H{t) = hit)h + h^{t)J+ + h4t)J^ , (2.1) 
where J's are the generators of SU (2) satisfying 

[J+, J_] = 2 Js , [J3, J±] = ±J± , iJ± = Ji± ^J2) , (2.2) 
and /I's are time dependent external fields with 

h±{t) = ]^{hi{t)±ih2{t)) . (2.3) 
We adopt the spin J representation: 

JV) = J{J + l) \m) ■ (j2 = Ji^ + J^^ + , 
Jalm) = (m — J) |m) ; (0 < m < 2 J) , 
J+|m) = ^J{2J -m) (m+ l)|m + 1) , 

J_|m) = y^m(2J-m + l)|m - 1) . (2.4) 
First construct the NR formula|]^: to this end introduce the periodic coherent state, 

1 2J 

whose inner product is calculated to be 



27r 



1 2J 

(^k') = ;r E e^'"^^ ; = ^ - ^' . (2.6) 

For a later convenience, we introduce the following formula: 
formula: for mo, mi G Z 

E e^"'^/("^) = E / e'Pi^+2n.)j^^^ . (0 < £0 < 1) . (2.7) 

m=mo n=— 00 ^0 

Prove this: inserting a trivial integral to the left hand side to find 

mi oo /.mi+eo 



5^ e^'"^/(m) = E / dp5{p-m)e''^^f{m) 

m=mo m=—oo O—£0 

^ / dp6{p-m)e^Py{p) , (2.^ 



where it should be noted that Eq is needed to avoid the (5-function singularity at the upper 
as well as the lower limit of the integration. Applying the relation 



oo 



we arrive at the right hand side, which completes the proof of (|2 

Making use of the formula (|2.7| ), that is, setting mi = 2 J and mo = 0, we can rewrite 



(PD to 



°o /•2J+S0 



= j_ 



dp 



n=—oo 



OO r\—£ rlrn 
p^p-J / IJ-P J(p+J)(Aip+2m7) 



n=—OD 



Y] / ^^i{p+J)(A^+2mT) ^ (2.10) 

' A+e 27r ' 



where < < 1 so that -1/2 < £ < 1/2 and 



A^J+^. (2.11) 



The resolution of unity holds: 



m=0 

The matrix elements of generators are calculated in a similar manner such that 

n=— OO ■ 



A+e 27r 

J^ly,') = V ^ e*(p+J){A^+2n.)g±«(^+n.) /^2 _p2 ^ (2.13) 
„ J-A+e 271 * 



where ^ = (lyj + (y9')/2 and we have adopted universal e{0 < e < 1/2) to be able to have 
the same integration range in all the matrix elements. Thus the matrix element of the 
Hamiltonian (12. 11) reads 



{ip\H{t)\if') = V / ^ e*(p+^)(^^+2n.) 

n=-oo-^-^+= 27r 

X hsit) p+^JX^- {h+{t) e"^^-^"" + h^t) 6^^+^"'^} . (2.14) 

With these preliminaries the Feynman kernel, 

K {ipF, tp] ^i, ti) = lim {ipF\ (1 - iAtH{N)) ■ ■ ■ (1 - iAtH{l)) \ipi) , (2.15) 



K {(pF,tF;ipi,ti) = lim / T[ d(pi{ipN\ (l-iAtHiN)) \ipN-i) 



where H{j) = H(tj); tj = tj + jAt with At being given in ( |1.3|) , can be expressed as 

x((^^_i| {l-tAtH{N-l)) ■ ■ ■ {ifil il-tAtH{l)) \ipo) 

f2n ^-1 N 
N^oo Jo 
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Vn='Pf 
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27r N-1 



lim 

N^oo Jq 



X exp 



i=l 

N 



X-e N 



dpj 



X+E 



Y.\{Pk + J) (Ay^fc + 2nfc7r) - At{h{k) (2.16) 



k=l 



ipO=ipi 



with the help of the resolution of unity ( p.l2[ ) and ( |2.14] ), where Aipj are given in ( |1.2| ) 
and is 

- , (2.17) 

and 0(Ai(:^) term has been dropped to the final line. Here a change of variables, 



n 



; = E^fc; (i<j<iv) 



fc=i 



(2.18) 



<^;. = + 2n;. TT ; (l<j<iV-l) , 



leads us to 



oo N—1 oo 



(2.16) 



E n E 



njv=— oo i=l ni=—oo 
N 



2nj7r 



2(n,+l)7r .A-e 



X exp 



Y,Upk + J) Aifik - At{h3{k)pk 



(2.19) 



k=l 



(/3jv=93i7+2njv7r 



where the primes have been dropped from ipj and nj and the relation, 
has been utilized. Writing 



E 



2{nj+l)TT 



dip = dp 



(2.20) 



(2.21) 



we finally obtain 

oo 



N-l 



{^F,tF-^j,tj) ^ Urn^l Y[dp, I H^e^p 



1=1 



^-^ ^ dpj 



X+e 2tT 



N 



E (Pk + J) ^Vk 



k=l 



~zAt ^ h{k) pk + v/A2 - (^h+{k) e-'^^ + h.{k) e"^'') 

k=i ^ K 



ipo='Pl 



g.j(^,-^,+2n.) r n ^V' J TT ^ ^ (2.22) 



X exp 



i\Y.\ cosOkA^k-^t (h^ik) cos Ok + smek (h+{k)e-''^^ + h^k) e'"^^ 



k=l 



where we have introduced new variables by pj = Xcos6j with 6 corresponding to e. 
This is the Nielsen- Rohrhch formula. In view of ( p.22|) , they called the phase space as a 
"punctured sphere" since we have a "winding number, n", in terms of the infinite sum 
and the integration domain of 6 is {6, it — 6). 

Next consider the same system in terms of a spin coherent state 0, defined by 



or explicitly 



|O=e«^+|0), lO^j^lO , (^gC) , (2.23) 



1 2J /2 A 1/2 
10 = 7-^^-7 Er \m). (2.24) 



The inner product is 

:i+re 

and the resolution of unity 

2 J + 1 /• di*di 



m') = . , (2.25) 



/ ii,L ie)(ei = / rf/i(e,r) = ij , (2.26) 

J (1 + l^p) J 
is fulfilled, where dC,*dC, = dKe (^) dim (^). The matrix elements of generators read 

= ^Y:pf;|7(0O' (2.27) 



givmg 



(eii/(t)io = ms{t) Js + h^t) j+ + h4t) 



j ~h,{t) (1 - en + 2/i-(t) e + '^kh) e _ ^2.28) 



The kernel in this case. 



Ki^F, tp; 6, ti) = lim {^f\ (1 - ^Ati7(iV)) ... (1 - tAtHil)) , (2.29) 

Af^oo 
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turns out to be 

K{^F,tF;^i,ti) = lim ^^l[d^i{^„^:){^N\{l-^AtH{N))\^M^^) 



. N~l 



1=1 



X (e^v^il (1 - tAtHiN-1)) \^N-2) ■■■(61(1- ^AtHil)) l^o) 

N-l r C 1 I C*C 



lim / n^/"(e^,C)exp 21og- 



-iAt 



i=l I k=l 

hsik) (1 - a^k-i) + 2h4k) Q + 2h+{k) ^k-i 



1 + ^6- 



+ log(l + |eiv|') -log(l + |eo 



^N=£,F 



(2.30) 



In this case the phase space is CP^, that is, there is no hole at all. ( p. 30 ) looks quite 
different from d^). 

3. Inspection of the "Winding Number" 



The main difference of two formulae ( p.22| ) and ( p.30|) is with or without the "winding 
number", so that in this section we discuss quantum mechanics on 5*^, where the nomen- 
clature has first emerged, and compare that to SU{2). 
Introduce canonical variables obeying 



{P, 0} = -1 ; (-00 < J), </)< oo) 



(3.1) 



In order to describe the mechanics on 5*^, (j) is not a suitable coordinate since on 5*^ the 
periodicity with respect to must be respected. Therefore consider W = e^'^ and 



{W,p} = iW 



Quantum mechanicallyH thus 



w 



(3.2) 



(3.3) 



where p is self-adjoint, p^ =p, and W is unitary, W^W = 1. The representation is found 
by assuming 

p\a) = a\a) , {a\a) = 1 ; (0 < a < 1) , (3.4) 

so that 

p\m; a) = (m + a) \m; a) , |m; a) = W"^\a) ; (m G Z) , (3.5) 
which can be recognized by the commutation relation and (|3.4|) . Orthonormality 



then the completeness. 



(m; a\n; a) = 5m,n , 

oo 

\m; a) {m] a\ = \a 



(3.6) 
(3.7) 



m=— oo 
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holds. Each a thus specifies different Hilbert space, that is, different ways of quantization 
on . While a W^-diagonal representation. 



#10) = e"*'\(^) ; (0 < < 27r) 
can be constructed in terms of |m; a) as 

oo 



e''^^\m-a) = lim 



1 



m=— oo 



V27r 



E 



m=— CO 



tmip—\m\£ 



m; a) 



(3.8) 



(3.9) 



where regularization parameter e is needed for the convergence of the infinite sum. (In 

0) is also regarded periodic 



the following however we suppress it.) In view of (|3] 
coherent state similar to ( |2.5| ). The inner product 



1 oo 

2tt 



E 



+ 2?™) 



(3.10) 



m=— oo 



and the resolution of unity (completeness in this case) 



i-2tr 

/ d(j)\<P){<P\ 
Jo 



(3.11) 



are easily convinced. 

The Feynman kernel, when H = H{p), 



e 



-i(tF-tl)H\ 



,)= hm {<i)p\{l-i^tH{p)f\h) 



(3.12) 



becomes, by use of (|3.7|) and ( |3.11|) , with noting (0|m; a) = e *'^'^/v^27r, as 



K {(f)F,tF;4>I,tj) 



tL s i n f i: 

mjv=— oo^ 1=1 \ mi=—c 



N 



X exp 
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E 



ni=— oo / 



oo „-_i 27r 



(3.13) 



mjv=— oo 
N 

k=l 



4>o=4>i 



where use has been made of the formula (2/7) by putting mi = oo, tuq = — oo in the first 
and of the shift — — a in the second expression. Now compare ( p. 13] ) with ( ^2.161 ): 
apart from the integration domain of pj's (as well as the form of the Hamiltonian) the 
dependence of 0j and rij is identical. Therefore following the same procedure from 
to ( p.20|) , we obtain 



,tF; (f)i,ti) 



K^'^H^F.tF-Ai.ti) 
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lim e 



X exp 



-ia{(pp—(j>j+2mT) 



N-1 




=1 



-2mx 



(3.14) 



<f>0=<t>I 



When a = 0, is the usual Feynman kernel in a flat space except the boundary 

condition, (pp = (p^ + 2mi. Significance of that is easily recognized; since on there is 
no distinction in n times around. The quantum amplitude can therefore be obtained by 
summing up with respect to n. n is designated as the winding number. 

In view of formulae, in S*^ (|3.14| ) and SU{2) cases (|2.22|) , there seems no difference for 
the appearance of the winding number, but we should note the integration domain of p/s: 
in case it stretches from — oo to +oo but in SU{2) case the range is bounded. According 
to the formula ( p.7| ) the boundedness of the p-integral does imply a finite rather than an 
infinite sum. In ( p.22| ) summation actually runs from to 2 J. Therefore the "winding 
number" appeared in the SU (2) periodic coherent state expression is superficial so that 
the phase space cannot be regarded as having a nontrivial topology. 

As a final comment in this section, SU{2) algebra can be realized by means of (|3.3|) 
such that 



J3 = p , J+ = W^X^ -ip+ l/2f , J_ = -{p+ l/2fW^ . (3.15) 
With this while utilizing the previous recipe we can also construct the NR formula]^. 



4. Relationship between Two Formulae 



We have recognized that the "winding number" in the NR formula (|2.22| ) is superficial 
and that topology is not nontrivial. The situation is thus similar to the formula under the 
spin coherent state ( p.30|) . Therefore it might be possible to bridge the both expressions. 
From now on we assume that the external field is constant for brevity's sake. 
The trace of the kernel in the spin coherent state ( |2.30|) reads as 

jd^^ (e, D K (e, T; e, 0) = tre"*'''^^^ 

N 



N 



lim / \{dn{ii,Ci)QW 

1=1 



2 log ^+^ffi-^ +zAt/^^~^^^^-^ 



k=l 



JhJT 



lim 



^ (2J+l)C*^e. -Q 

_ /I , \-).\ 



=1 vr(l + |6P) 



1 + 161- 



2J 



€jv=?o 



(4.1) 



where (i/i(^,^*) has been defined by ( p.26| ) and H = hJs; since Hamiltonian within the 
trace can always be diagonalized by use of SU{2) transformation. By making a change 
of variables 

6 ^ ^kc-'"^'^ , (4.2) 
(OF) is reduced to a single integral such that 



(4.3) 
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yielding 



sin((J+ l/2)/iT) 



sin {hT/2) 

which is nothing but the SU{2) character formula. 

While the trace of the kernel under the periodic coherent state (^.22[) is written as 



(4.4) 



Z 



i=— oo 



2(n+l)7r (li^p^ 
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I n^/nAsinM^. 

J-oo /TT JO • 



C TV ^ 

exp s «A ^ cos 6k {^fk — hAt) > 



(4.5) 



(/P0='/'jv~2n7r 



where 6, that is, e has been put zero as can be recognized from the derivation ( p.lOp and 
( p.l3| ). However the expression (|4.5| ) can be cast into another form as follows: first recall 
that the starting point was given by 



2^ N N 

Z = tre-''"'^'^ = lim / FT dif.Tlifil (1 - ihAtJ^) 



'Po='Pn 



(4.6) 



where \ipj) is the periodic coherent state (|2.5|) . Instead of the resolution of unity ( p.l2|) , 
we introduce 



(2 J +l)du ^ (2 J 

m=0 



U 



'l + u) 



,2J 



\m){m\ 



(4.7) 



which can easily be convinced through the m- integral (giving the Beta function B{m + 
1, 2 J - m + 1)). Use (|3) to find 

{(Pj \ (1 - ihAtJs) \(pj^i) 

2^ ^2J\ 



°° (2 J + 1) duj ^ 
27r (1 + Ujf „=o 



m 



2J 



{ipj \ (1 - ihAtJs) |m)(m|v9j_i) . (4.8) 



Performing the Mj-integrals after the substitution of ( [4.8| ) into ( |4.6| ) (and utilizing the 
formula ( p.TD ) we of course arrived at (|4.5| ) again. However we keep the m- integral intact 
and note the binomial formula to obtain 



(4.^ 



C- I 



2J 



27r (1 + Uj 



1 + Uj 



(4.9) 



where we have used the second relation of ( p.4|) and {ipj\m) = e*™'^^/v2vr. Therefore 



AhJT 



lim 



2tt 



N^ooJo f-J^ 2n Jo jj-^ i^ + Uj 



N 

n 



(2 J + 1) dUj ^ fl + Uke-'^^'+'^^^ \ 



n 

k=l 



1 + Mfc 



e'^'^ lim / n 



N 



(2 J + 1) dicdi, Ji [1 + e/ei-ie-^^^*ie,/e,-ii 



2J 



=1 7r(l + |e. 



n 



1 + le, 



, (4.10) 
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where use has been made of a change of variables 

= ^fi-'^' , (4.11) 

so that the boundary condition (/jq = v^at has been replaced to = ^n- Now the final 
task is to show that (|4. 10|) is equivalent to ( ^31) . To this end introduce 



which satisfies the kernel property: 



(i + iep)"(i + iep) 



2J 



Note that 



(4.10) = e^'^ hm / n rfyu (6, n o-i; At) 

We now show that the quantity. 

^ d^'^ hm / n d/x (e„ a) n ^40, O-i; At) 



i=l 



N 



TV 



?o=Cjv 



1=1 



5o=Cjv 

is independent of x and furthermore equal to Z (^.3)); since by use of ( [4. 131 ), 



Z, = e^^^^lim fd^i{^N,U 

N—^00 J 





-ihNAt \ c IC 
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2J 


(1 + le^ 


^)'(l + leo 




J 





AhJT 



ihJT 



(i + r^e-*^^) 



2J 



(l + lep)'" 
rf/^(e,r)(eiee^^) = ^ = (4.3) 



(4.12) 



J (i/i(e„e/)^x(ei+i,e,; At)ir,(e,-,e,-i; At) = ir,(e,+i,e,_i;2At) . (4.13) 



(4.14) 



(4.15) 



(4.16) 



where use has been made of ( p.25|) in the final expression. Therefore ( |4.10| ), that is, ( |4.14|) 
is equivalent to ( [4.3|) . We thus confirm a connection of two formulae: the NR and the 
spin coherent state. 



5. The WKB Approximation 



According to the observation of the foregoing section there exists equivalence between 
the two formulae of NR (|4.5| ) and of the spin coherent state ( [4.1|) . In the latter case, 
it has been shown that the WKB approximation gives the exact result While in the 
former case it seems impossible for the WKB approximation in terms of p and (f as was 
mentioned in the introduction. Therefore we start with ( [4.5p , that is, in terms of 6 and 
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The action is read as 



N 



5* = A ^ cos 9k {A^pk — hAt) 



(5.1) 



k=l 



and the WKB approximation is reahzed when A — oo. The stationary phase condition is 
given by 

J sin Oj {A(pj - hAt) = , 
I cos6'j+i — cos^^j = ; {6n+i = ^i) • 

As was mentioned in (|1.5|), Aipj — hAt = cannot be accepted because of the boundary 
condition, ipo = (p^ — 2mr. Instead solutions, 



(5.2) 



e, = o, 

ej = 7r , 



(5.3) 



with yj's being arbitrary, can be adopted. 

First we consider the 6 = case: by putting 9j Xj/\/X, Z^") 



becomes 



ZH(^ = 0) ^ e-'^Mim r'-^''^<^j 

N^oo J2nn 2n J~ 



N 

xn 



J\{Aipj-hAt) 



dxj Xjl ^ 



-i{Aipj-hAt-i£)xy2 



exp < iX {Aipj — hAt) ^ 



{2m j + 1)! A 
(2m, + 1)! A-. 



(5.4) 



where expansions with respect to Xj/^/X have been made and e that will be put zero 
finally has been introduced in order to assure the convergence of the Gaussian integral. 
However in view of the integral (|A.1|) , Z ( [4.5|) does belong to the class; by regarding dx 
and f{x) as dOj and cos^, respectively. That is, in ( [4.5| ) the WKB approximation gives 
the exact result. To see this consider the leading term of 



zt\e = 0) 



Taking account of 



dipj 



2mT 



2n 



N-l 



N 



N^ooJ2n-K 27r J -00 1 2tT 



N 



1 



i (Aifj — hAt — ie) 



(5.5) 



00 2Tri Aipj^i — At — ie Aipj — At ~ ie V^j+i — Vj-i ~ 2At — ie 



(5.6) 
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we can perform the (y9-integral to find 



Z^'^^l^O = 0) = g«2n7r(J+A)-jA/iT J 



2n-K 2711 27171 — hT 



^i2mr{J+X)~iXhT 

i {2ms: — hT) 

In a similar manner, the contribution from 9j = vr reads 



(5.7) 



i2mT{.J-X)+iXhT 

z^^\e = 7t) = -—^ -— . (5.^ 

i {2nn — hT) 



Thus the total contribution is 

oo 



n=— oo 

oo [ pi2n-K(J+X)-iXhT ^i2mT{J -X)+iXhT ' 



[ i {2mT - hT) i {2mv - hT) 
sm{{J + 1/2) hT) 



(5.9) 



sin {hT/2) 

where use has been made of the formula 

oo i2nn£ pi{l/2—e)ip 

E = \ • ^ ; (0 < £ < 1) . (5.10) 

^£^^2n7r + cp 2smf ' ^ ^ ^ ^ 

(Note that in view of ( |2.1lD , J±A = ±1/2 + mod Z.) Of course this result ( |5.9| ) coincides 
with the exact result (J4.4|). 



6. Discussion 

In this paper we have clarified the relationship between the Nielsen-Rohrlich and the 
spin coherent state path integral formulae for spin SU{2). In spite of a discrepancy of 
the appearance there is no difference between them. Therefore the first observation, by 
Nielsen and Rohrlich, that the phase space of spin was given by a punctured sphere is 
not correct. Consequently the WKB approximation to the Nielsen-Rohrlich formula has 
been shown to give an exact result as was done for the formula under the spin coherent 
stated. 

Our discussion was made upon the trace form of the kernel; ( p.22| ) and ( |2.30| ). It 
would be better to be able to make a connection between themselves. In other words, a 
direct relationship could be confirmed if some change of variables, from {9j, ipj) to ^j), 
would be found. Classically 

e = e^nan^, (6.1) 

is a desired relation; since by putting At naively (and h = 0) in ( p.30| ) the exponent 
reads 

-2J _^^ I . (6.2) 
1 + V ^ 
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which becomes by means of (|6.1| ) as 



2 J = i J cos 9 09 + total derivatives , (6.3) 



which is nothing but the exponent of (|2.22|) . However quantum mechanically the task 



is tough since relations should be dictated in terms of difference instead of differential 
form. Of course a connection could be found if a case would happen to be described by 
canonical transformation]^, but apparently our case is not. 

Although the topology of the NR formula is not the punctured sphere, the nomencla- 
ture is still captivating in order to memorize the formula ( |2.22|) : with an infinite sum as 
well as the integration domain being given 6 < 6 < tt — 6. Both formulae are equivalent 
so that a suitable one should be chosen in a given situation. 
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Appendix 

A. Some WKB Exact Integral 

In this appendix we show that in some integral the stationary phase (WKB) approximation 
gives the exact result: consider 

/ = f dxf {x)e-'<^f^''^ , (A.l) 



with conditions, 

/'(a) = /'(6)=0, r(a)^0, /" (6) ^ , > . (A.2) 
The integral, of course, can trivially be performed to be 

ig V ^ 

whose result, however, can be obtained also from the WKB approximation when g ^ oo: 
let us take the case x = a. Expand all quantities around x = a by putting 

x = a + — (A.4) 
V9 
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to find 

■m+l 



CO 



where f'J{a) = f"{a) — is with e assuring the convergence of the integral. The upper hmit 
of the integral has been set to infinity since that was given by ^/g{h — a). ( |A.5| ) is further 
rewritten to 



a] 



™=o + 1)! fc=o ^' ^=1 1 nl^i + 3)! 



JO 



Utilize an identity 



E^. 



N=2 
°° " dz 



Ar=2 ^■''"^ 



(noting that m + 2 + k + X^Li "^i > 2) to find 



Ar=2 



v^/ J 27rz (m + 1)! J fc! 



where 



oo 1 

= ^ {/ + «)-/(«)- (a) , (A.9) 

oo f{m+2)( \ 
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and we have made a change of variables, y ^ t = y'^, in the final expression. Taking 
account of 



'rftt«e-'5t = Ii^±l) , (Re/5>0) 



o+l 



(A.ll) 



we perform the t-integral to find 



N 



I{x = a) 



1„ fN 



E(-) E^H)^r(- + ^ 



N=2 



.V9 

N/2+k 



X 



1 



k=0 

dz 



2 V 2 



— z-^ {/i (2)}'^ Iz^/i' (2) + 2zh {z) + z/" (a)| 



27ri 

N 



E 

N=2 



N 



(A. 12) 



where we have used (|A.9| ) and 



= E 



00 ( if_/N 



B 



N 



k=0 



E- 

fe=0 



fc! V 2 



N/2+k 



dz 
2Td 



{h{z)}' 



J^h'iz) + -^2h{z) 



k\ 



N/2+k 



dz 1 



(A.13) 



Noting that h{z) and are regular at z = and h{0) = 0, we obtain when N = 2 

2 



A2 = , B2 



(A. 14) 



But when > 3, 
An _ 

k=0 

r) CO 

= 4i:h 



fc=0 



N/2+k 



T{N/2 + k){N + 2k) ( d 



N-2 



(A; + l)!(A^-2)! \dz 



37 {Kz)} 



k+l 



N/2+k-l 



T{N/2 + k) ( d 



N-2 



k=l 



A;!(A^-2)! \dz 



2=0 

, (A.15) 



2=0 



where use has been made of (A^ + 2fc)r(A^/2 + fc) = 2r(A^/2 + fc + l) and the shift k ^ k-1 
to the final expression. And 



B 



N 



|,_,'r(f,.)/»(-J 



N/2+k 



d 



N-2 



k 

2 °° 
i 



(a) ; A;!(A^-2)! \dz^ 



{hiz)Y 



EH) 

k=l 



r(A^/2 + k) / d' 

k\ {N -2)\ [jfz^ 



{h{z)Y 



2=0 

(A.16) 



2=0 



where /c = term does not have any contribution so that the sum starts from A; = 1 in 
the final line. Apparently 

An + Bn = Q. (A.17) 
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Thus there survives only the leading order yield 



I{x — a) 




_g-j9/(a) _ 



(A.18) 



In a similar manner, we find I{x = b) 



e ^^f'^'^^ I ig to obtain 



/wKB = = a) + I{x = h) 



(A.19) 



Therefore the leading order of the stationary phase approximation gives the exact result. 
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